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Unified Theory for the Dynamics and Control
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This work represents a new paradigm for the dynamics and control of maneuvering flexible aircraft. Using the
system concept, the theory integrates seamlessly all the necessary material from the areas of analytical dynamics,
structural dynamics, aerodynamics, and controls. It includes automatically all six rigid-body degrees of freedom
and elastic deformations, as well as the gravity, propulsion, aerodynamic, and control forces, in addition to forces
of an external nature, such as gusts. The seamless integration is achieved by using the same reference frame
and the same variables to describe the aircraft motions and the forces acting on it, including the aerodynamic
forces. The formulation is modular in nature, in the the sense that the structural model, the aerodynamic theory,
and the controls method can be replaced by any other ones to better suit different types of aircraft, provided
certain criteria are satisfied. A perturbation approach permits the separation of the equations of motion into
a flight dynamics problem for the maneuvering aircraft rigid-body translations and rotations and an extended
perturbation problem for the elastic deformations and perturbations in the rigid-body variables, where the second
problem is subject to inputs from the maneuvering aircraft. The formulation is ideally suited for unmanned aerial
vehicles (UAVs), and in particular for autonomous UAVs requiring autopilots. A numerical example presents
a variety of time simulations of rigid-body perturbations and elastic deformations for two cases, 1) a steady
level flight and 2) a level steady turn maneuver. All the time simulations were carried out on a 1-GHz personal
computer, which is particularly important for autonomous UAVs, as the required onboard computer is likely to
be much closer to a personal computer than to a multiprocessor supercomputer. The unified theory is expected
to stimulate new interest in aeronautics research, ultimately providing a useful tool for the analysis and design

of flexible aircraft.

Nomenclature Fui .7A-'¢,~ = Rayleigh’s dissipation function densities for body i
A,B = coefficient matrices in the state equations Jais fii = distributed aero@ynamlc force vectors
C = matrix relating the output vector to the state vector for component i .
C, = matrix of direction cosines between x,y,z, gi = distributed gravity force vector for component i
and x;y z; fi = distributed force vector for component i due to
Cy = matrix of direction cosines between x,y sz gravity, aerodynamics, and control
and XY Z o G = control gain matrix
C.i,Cy; = damping matrices for the bending and torsion 8 = gravitational constant
of component i I/ = identity matrix
C, = matrix of direction cosines between x,, y,, Z. J = inertia matrix for the deformed aircraft
and x;y;z; K, = observer gain matrix
Cui, Cyi = bending and torsion damping functions Kui, Kyi = stiffness mta.trlces for the bending and torsion of
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quasi-velocities of stramn energy ] ] )
EI;,GJ; = flexural and torsional rigidities for component i Ly, Lyi = matrices of stiffness differential operators for body i
e = observer error vector 4 = lift force per unit span of component i
F.M = resultant of gravity, aerodynamic, propulsion, M = discrete system mass matrix
and control force and moment vectors M;; = mass s.ubmatrlces
Fr = engine thrust vector m = total aircraft mass
Foy = external disturbing force vector m; = [mass of component i )
0; = origin of body axes for component i
P = momentum vector for the whole aircraft
Pui>Pyi = momentum vectors for the bending and torsion
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S; = side force per unit span of component i
= vectors of generalized velocities for the bending
and torsion of component i

Suis Syi

T = total kinetic energy

T = Kkinetic energy of component i

U i = resultant of gravity, aerodynamic, propulsion, and
control force and moment density vectors for body i

u;,v; = elastic displacement and velocity vectors for body i

Vv = total potential energy

\4 = discrete system velocity vector

Vy,wy = translational and angular quasi-velocity
vectors of xpyszy

Vi, @; = skew symmetric matrices derived
from V;, w/ (see Ref. 12)

‘7, (r;,t) = velocity vector of a point on component i

XYZ = inertial axes

X ViZ; = body axes of component i

x© xM = zero- and first-order state vectors

x = observer state vector

y = measurement vector

y® = output vector

agy = angular velocity of the fuselage
at ry,, due to torsion

o; = angle of attack of the lift force for component i

Bi = angle of attack of the side force for component i

8O 80 = zero- and first-order aileron angles

8O, 80 = zero- and first-order elevator angles

8q.i,8qy; = vectors of virtual generalized displacements
for component i

SR, 80? = vectors of virtual generalized displacements

~ in rigid-body translation and rotation

OR;} = vector of virtual quasi-displacements

8(r—rg) = spatial Dirac delta function at r=rg

80,80 = zero- and first-order rudder angles

SW = virtual work for the whole aircraft

0; = symbolic vector of Eulerian angles between
xsyrzyand XY Z

Di = mass density of component i

®,;, ®y; = matrices of shape functions for the bending
and torsion of component i

v, 0, ¢ = Eulerian angles from inertial axes XY Z
to body axes xyyszy

Y, o = elastic angular displacement and velocity
vectors for body i

Qs = angular velocity vector of the fuselage

at ry,, due to bending

1. Introduction

HE motion of flexible aircraft can be described by one of the
two types of reference frames:

A. Fixed in the Undeformed Body

In this case, it is convenient to define the translation of the ori-
gin of the reference frame and the rotation of the reference frame
as the rigid-body translation and rotation of the aircraft, and re-
gard any displacement relative to the reference frame as elastic
deformation.

B. Moving Relative to the Undeformed Body

In this case, it is common to choose the reference axes so that the
linear momentum and angular momentum vectors due to elastic de-
formations vanish; axes satisfying these constraints are called mean
axes. Because the elastic deformations depend in general on time,
the mean axes are continuously moving relative to the undeformed
aircraft. It appears that the concept of mean axes originated in the
1960s in connection with flexible spacecraft dynamics, when mean
axes were known to as a “floating reference frame.” Of particular

interest are mean axes with the origin at the system mass center be-
cause in this case the three types of motion, namely, the translations
of the reference frame, the rotations of the reference frame, and
the deformations measured relative to this frame, are all inertially
decoupled.

The price to be paid for the use of mean axes is very steep, how-
ever, because the constraints defining these axes are not easy to
enforce. For this reason, it is common to invoke the use of mean
axes to justify inertial decoupling without enforcing the constraints.
In the case of flexible aircraft, even when the constraints are sat-
isfied, the benefits of inertial decoupling are highly questionable
because the equations of motion remain coupled through the aero-
dynamic forces. Moreover, if one insists on using mean axes, then
the aerodynamic forces must also be expressed in terms of com-
ponents along the same mean axes, which is a very tedious task at
best. The use of mean axes without satistying the constraints on the
motion variables and without expressing the aerodynamic forces in
terms of components along the mean axes is common practice in
flexible aircraft dynamics, which raises serious questions as to the
validity of the corresponding results.

The subject of aircraft dynamics is very broad, and the approach
to the problems depends on the type of aircraft under consideration,
its mission, and its dynamic characteristics. Traditionally, the sub-
ject has been divided into flight dynamics and aeroelasticity. Flight
dynamics is concerned for the most part with rigid aircraft undergo-
ing given maneuvers. On the other hand, aeroelasticity is concerned
mainly with nonmaneuvering flexible aircraft. In fact, one of the
most commonly used model consists of a flexible wing fixed at the
root. Although flight dynamics and aeroelasticity have been devel-
oped as separate disciplines, the need for considering interacting
effects was recognized quite early.' =3 Still, relatively few attempts
have been made to link the two disciplines and, when such attempts
were made, almost invariably the scope was quite limited. This lack
of interest in linking flight dynamics and aeroelasticity can be at-
tributed to a reluctance to increase the complexity of the problem
to a significant extent at a time when powerful computers capable
of solving such problems were not available. As a result, problems
combining flight dynamics and aeroelasticity effects have tended to
be subjected to many simplifying assumptions designed to permit
largely analytical solutions. In one of the first references on the sub-
ject, Bisplinghoff and Ashley* derived scalar equations of motion
for an unrestrained flexible vehicle. The equations consisted of three
inertially decoupled sets, one for the rigid-body translations, one for
the rigid-body rotations, and one for the elastic deformations. An
integrated analytical treatment of the equilibrium and stability of
flexible aircraft was presented by Milne.” In Part I, he derived lin-
earized equations of motion about a steady state, assuming small
elastic deformations and rigid-body translations and rotations. Al-
though the constraint equations defining the mean axes were given,
the formulation seems to have used body axes attached to the un-
deformed aircraft. In Part II, the general analysis was applied to the
study of equilibrium and longitudinal stability about equilibrium of
an aircraft having longitudinal flexibility only. A monograph by Tay-
lor and Woodcock® consists of two parts representing different ap-
proaches to the same problem. In Part I, Taylor presents a very lucid
summary of the equations of motion for deformable aircraft derived
by Bisplinghoff and Ashley* and by Milne.® In Part II, Woodcock
uses an unorthodox form of Lagrange’s equations to derive scalar
perturbation equations of motion about a given “datum motion,” not
necessarily corresponding to steady level rectilinear flight; the equa-
tions are in terms of body-fixed axes. The question of aerodynamics
receives scant attention in both parts. An extensive report by Dusto
et al.,’ resulting in a computer program known as FLEXSTAB,
integrates flexible body mechanics with a low-frequency aerody-
namics. The flexible aircraft mechanics uses free vibration modes
superimposed on rigid-body dynamics. The equations are expressed
in terms of steady perturbations about a reference motion to deter-
mine dynamic stability by characteristic roots or by time histories
following an initial perturbation or some gust disturbance. There
are three major concerns: The first concern is that the structural dy-
namics formulation is in terms of mean axes. The second concern is
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that the aerodynamics is in terms of a different set of axes, namely,
“fluid axes.” The third concern is the relatively long time required
to run FLEXSTAB. Inconsistencies in control configured vehicles
are highlighted by Schwanz,® who suggests that familiarity of flight
control specialists with aerodynamics, structures, modern dynamics,
and control can minimize and perhaps avoid these inconsistencies.
Weisshaar and Zeiler® discuss the importance of including aircraft
rigid-body modes in the aeroelastic analysis of forward swept wing
aircraft. They show that “body-freedom” flutter and aircraft aeroe-
lastic divergence, not wing divergence, are the primary aeroelastic
instabilities. Cerra et al.'® developed a linear model of an elastic
aircraft providing the capability of analyzing the coupling between
the rigid-body motions and the elastic motions. The model can be
used for stability and control analyses. Using Lagrange’s equations,
Waszak and Schmidt!! derived the equations of motion for a flexi-
ble aircraft. The strip theory was used to obtain closed-form integral
expressions for the generalized aerodynamic forces. Moreover, the
use of mean axes permitted inertial decoupling of the rigid-body
translations, rigid-body rotations, and elastic deformations, the lat-
ter being expressed in terms of aircraft vibration modes. The mod-
eling method was applied to a generic elastic aircraft, and the model
was used for a parametric study of the flexibility effects.

The equations of motion in Refs. 3—11 were derived either by
means of Newtonian mechanics or by means of standard Lagrange’s
equations. These approaches are more suitable when the motions
are expressed in terms of inertial axes and/or when the rotations
are in terms of Euler’s angles. Yet, in the case of aircraft, it is more
convenient to express the motion in terms of components along body
axes. This is common practice in flight dynamics, in which case the
angular velocities in terms of body axes are the well-known roll,
pitch, and yaw. Of course, equations in terms of inertial axes and/or
Eulerian angles can always be transformed into equations in terms
of body axes through coordinate transformations. It is appreciably
simpler, however, to derive the equations of motion directly in terms
of body axes, which can be done through the use of Lagrange’s
equations in terms of quasi-coordinates.'”

Motivated by problems in dynamics of spacecraft with flexible
appendages, Meirovitch and Nelson'? derived for the first time hy-
brid (ordinary and partial) differential equations of motion coupling
rigid-body rotations and elastic deformations. The elastic deforma-
tions were measured relative to a set of body axes attached to the
undeformed spacecraft and the rotational motions were in terms of
quasi-coordinates. The explicit formulation of Ref. 13 was extended
by Meirovitch'* to a generic whole flexible body by deriving a set
of hybrid equations of motion in terms of quasi-coordinates, treat-
ing for the first time translational velocities as quasi-velocities; the
equations were then cast in compact state form. The vector-matrix
formulation of Ref. 14 has the important practical advantage that
it permits efficient computer solutions, as shown later in this pa-
per. The developments of Ref. 14 were extended by Meirovitch!
and Meirovitch and Stemple!'® to flexible multibody systems. Then,
the approach of Refs. 14—16 was used by Meirovitch!” to produce a
definitive unified theory for the dynamics of flexible aircraft. Generic
state equations describing the flight of flexible aircraft were first de-
rived in hybrid form and subsequently discretized in space. Then,
using a perturbation approach, the discrete state equations were sep-
arated into a set of nonlinear flight dynamics equations for the rigid-
body variables and a set of linear extended aeroelasticity equations
(see later definition) for the elastic variables and perturbations in
the rigid-body variables. Nydick and Friedmann'® applied the equa-
tions of motion in terms of quasi-coordinates derived in Ref. 14 to
the analysis of a hypersonic vehicle in free flight. The nonlinear
equations were linearized about a trim state obtained by using a
rigid-body trim model and steady hypersonic aerodynamics. Flutter
derivatives were calculated by means of piston theory. Although the
formulation uses mean axes, there is no attempt to enforce the asso-
ciated constraint equations, nor to express the aerodynamic forces
in terms of mean axes components, so that the results are question-
able. Winther et al.' provide an efficient procedure for real-time
simulations, including transformations to a body-axes coordinate
system and integration of the structural dynamic equations with the

quasi-steady, nonlinear equations of motion. The generic formula-
tion of Ref. 17 was used by Meirovitch and Tuzcu?® to derive explicit
equations of motion in terms of quasi-coordinates for a flexible air-
craft and to cast the equations in a special state form suitable for
simulation on a computer. Because of the relative ease of integra-
tion into the unified formulation and to the computational speed
advantages, the aerodynamic forces were derived by means of strip
theory. An approach entirely different from that in Ref. 20 is pro-
posed by Fornasier et al.?! Indeed, Ref. 21 is concerned essentially
with the fluid—structure interaction in a flexible aircraft. To this end,
ituses “temporal and spatial algorithms” to make two independently
developed computer codes, one for computational fluid dynamics
and one for computational structural mechanics, work together. The
scope of Ref. 21 is relatively limited because the aircraft is assumed
to follow a known preset trajectory, so that there are no rigid-body
degrees of freedom, and there are no controls. The computations
require a great deal of time, as witnessed by the fact that several
5-s simulations, including some of the wing tip displacement, took
approximately 35 h on a 32-processor SGI computer.

This paper develops a dynamic formulation capable of simulat-
ing on a computer the response of flying flexible aircraft to ex-
ternal stimuli. It integrates seamlessly in a single and consistent
mathematical formulation all the necessary material from the perti-
nent disciplines, namely, analytical dynamics, structural dynamics,
aerodynamics, and controls. The formulation is modular in nature,
which implies that any structural modeling, aerodynamic theory,
and control method can be used, provided that they lend themselves
to seamless integration, as explained later; only the analytical dy-
namics framework remains the same. The unified formulation is
based on fundamental principles and incorporates in a natural man-
ner both the rigid-body motions and the elastic deformations, and
the couplings thereof, as well as the aerodynamic, propulsion, con-
trol, and gravity forces. It is convenient to regard the aircraft as a
collection of flexible components acting together as a single system,
where the components are identified broadly as the fuselage, wing,
and empennage.

The choice in this paper is to work with a reference frame attached
to the undeformed aircraft, which does not have the drawbacks of
the mean axes. However, because the elastic deformations prevent
the origin of such a frame from coinciding with the mass center and
the axes themselves from coinciding with the principal axes for all
times, there is no preferred choice of a reference frame; we base
the choice on geometric considerations. In particular, we attach a
set of body axes to the undeformed fuselage, where one of the axes
is along the symmetry axis. For convenience, sets of body axes are
also attached to the other flexible components, such as the wing and
the empennage. Ultimately, however, all motions are referred to the
fuselage body axes, which act as a reference frame for the whole
aircraft.

The formulation represents a new and comprehensive theory for
the dynamics and control of maneuvering flexible aircraft. The the-
ory transcends flight dynamics and aeroelasticity, and in fact it con-
tains them as special cases. The mathematical formulation is based
on equations of motion in terms of quasi-coordinates derived first
for flexible spacecraft'* and later adapted to flexible aircraft.!”->°
The formulation is hybrid in nature, in the sense that it consists of
ordinary differential equations for the rigid-body translations and ro-
tations of the aircraft as a whole and partial differential equations for
the elastic deformations of the flexible components of the aircraft,
namely, the fuselage, wing, and empennage. For practical reasons,
the partial differential equations for the individual components are
discretized in space, obtaining a relatively large set of second-order
ordinary differential equations for the whole aircraft. The simulation
of the aircraft response requires the integration of the differential
equations of motion, which makes it necessary to transform the set
of second-order differential equations into a set of first-order differ-
ential equations, namely, into a set of state equations.

Because of various nonlinearities involved, such as those due to
rigid-body motions and aerodynamic forces, the integration of the
state equations must be carried out numerically on a computer, which
can only be done in discrete time. In some cases, the integration of
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the state equations must be carried out in real time. If the dynamic
characteristics are such that the time step must be relatively short,
perhaps of the order of 0.01 s, most aerodynamic theories in cur-
rent use must be ruled out because the computation of the dynamic
pressure over the entire aircraft is sure to take considerably longer
than that. Hence, a new method for computing the dynamic pressure
must be developed, one characterized by high computational speed,
even if some accuracy must be sacrificed. Moreover, the method
for computing the dynamic pressure must lend itself to ready in-
tegration into the overall formulation. If the formulation is to be
used for aircraft design, then real-time simulation may not really
be necessary, although online simulation may. However, the size of
the sampling period, which is determined by the system dynamic
characteristics, remains the same regardless of whether the simula-
tion is in real time or only online. This demonstrates the need for
a method for computing the dynamic pressure in a very short time.
In this regard, a reasonably accurate approximate method may be
acceptable.

The development of a new aerodynamic theory such as the one
just described is likely to require a great deal of time, measured in
many years. Until such theory becomes available, it is highly desir-
able to demonstrate how the unifying process works, which implies
the use of an existing theory. One theory lending itself to ready
integration is strip theory, which is capable of expressing the aero-
dynamic forces in terms of components along the aircraft body axes
and describing them by using the same rigid-body and elastic vari-
ables used to describe the aircraft motions. Note that, because of the
modularity of the formulation, any other aerodynamic theory can be
substituted for strip theory, provided it can be readily integrated into
the unified process and permits fast computation of the aerodynamic
forces.

As indicated earlier, the equations of motion for flying flexible
aircraft are nonlinear, where the nonlinearity is due to the rigid-
body motions and the aerodynamic forces. Moreover, the equations
tend to be of high order, the order depending on the discretization
procedure employed. Hence, one can expect difficulties both with
a stability analysis and with control design. In addition, difficulties
can be experienced in the integration of the equations of motion
because some of the variables describing the aircraft rigid-body
motions tend to be large and the variables describing the elastic
displacements tend to be small. Fortunately, the integration of the
high-order, nonlinear set of differential equations is not necessary,
or even desirable, a statement that can be justified by considering
how aircraft are flown. Indeed, a pilot first chooses a flight path,
consisting of the aircraft translations and rotations, and then sets
the controls, i.e., the engines throttles and control surfaces angles,
so as to realize the chosen path. Then, any deviations from the
flight path, consisting of both elastic vibration and perturbations
in the rigid-body variables, can be controlled by feedback control.
This points to a perturbation approach as a natural way of treat-
ing the problem. More specifically, the solution can be represented
as the sum of a zero-order part for the large rigid-body variables
and a first-order part for the small elastic variables and perturba-
tions in the rigid-body variables, where the zero-order quantities
are larger than the first-order quantities by at least one order of
magnitude. Then, the equations of motion can be separated into a
zero-order problem for the aircraft rigid-body motions alone and a
first-order problem for the elastic displacements and the perturba-
tions in the rigid-body motions. The state equations for the zero-
order problem can be identified as the equations of flight dynamics
and can be used to describe aircraft maneuvers. On the other hand,
the state equations for the first-order problem describe extended
perturbation equations, which are considerably broader in scope
than the commonly encountered aeroservoelasticity equations. In-
deed, the extended perturbation problem is characterized by the
following: 1) It is concerned with whole aircraft, and not merely
with wings. 2) All six rigid-body degrees of freedom are au-
tomatically included. 3) The motions are expressed in terms of
components along noninertial reference frames to accommodate
all possible aircraft maneuvers. 4) The perturbation equations are
subject to inputs from the aircraft maneuvers, so that there is one

set of perturbation equations for every conceivable maneuver.
5) The task of ensuring that the aircraft flies along the intended path
is carried out by feedback control in conjunction with a stochastic
state estimator.

The flight dynamics equations are in general nonlinear and de-
scribe the translations and rotations of the aircraft as if it were rigid.
They can be used to design given maneuvers of an aircraft, which
amounts to solving an inverse dynamics problem. In the commonly
encountered direct problems in dynamics of rigid bodies, the forces
are given and the equations of motion are solved for the state, i.e.,
for the positions and velocities. In the context of the present formu-
lation, however, the state representing a desired maneuver is given,
and the problem amounts to determining the engines throttles and the
control surfaces angles permitting the realization of the maneuver;
this represents an inverse dynamics problem. On the other hand, the
extended perturbation equations are linear, but they contain the state
and forces from the flight dynamics problem as coefficients and as an
input. If the flight dynamics problem represents steady level cruise or
a steady level turn maneuver, then the zero-order state and forces are
constant, and the system of extended perturbation equations is linear
time-invariant. In this case, the state equations lend themselves to a
standard stability check, such as one based on the roots of the eigen-
value problem, to control design by commonly used techniques,
such as the linear quadratic Gaussian (LQG) method, and to ready in-
tegration for simulation of the aircraft response to external stimuli. If
the flight dynamics problem represents a time-dependent maneuver,
such as the transition from one steady state to another, then the zero-
order state and forces depend on time, and the extended perturbation
state equations are linear time-varying, which precludes a standard
stability analysis. However, the state equations still permit con-
trol design and response simulation, albeit numerically in discrete
time.

The paper contains a numerical example for a model of a flexi-
ble aircraft containing 76 states, 12 rigid-body states and 64 elastic
states. Two cases are considered, one corresponding to steady level
cruise and the other to a level steady turn maneuver. The extended
perturbation problems are derived and used to design feedback con-
trols guaranteeing the vanishing of the rigid-body perturbations and
the elastic vibration, thus ensuring the stability of the maneuver
and the comfort of the flight. The control design consists of a linear
quadratic regulator in conjunction with a stochastic observer (LQG).
The integrated process is demonstrated by means of a numerical ex-
ample including a variety of rigid-body and elastic displacements
time simulations, together with the corresponding control time his-
tories, all carried out on a 1-GHz personal computer.

The developments presented here should be regarded as a first, but
significant step toward establishing a new direction in the dynamics
and control of maneuvering flexible aircraft. The expectation is that
they will give new impetus to research in aeronautics, thus providing
a useful tool in the design of new generations of aircraft, such as
autonomous unmanned aerial vehicles (UAVs).

II. Hybrid Equations of Motion in Terms
of Quasi-Coordinates

We regard the aircraft model shown in Fig. 1 as a flexible multi-
body system subjected to gravity, aerodynamic, propulsion, and
control forces, where the bodies can be broadly identified as the
fuselage, wing, and empennage. The motion of the aircraft can be
conveniently described by attaching a reference frame x 7y sz to the
undeformed fuselage (Fig. 1), as well as corresponding reference
frames x,y,z, and x,y.z, attached to the wing and empennage,
respectively, where the various reference frames represent respec-
tive body axes. Then, the motion can be described by six rigid-body
degrees of freedom of the fuselage body axes, three translations and
three rotations, and by the elastic deformation of every point of each
flexible component relative to the respective body axes.

From Ref. 17, with provisions made for members in torsion, as
well as for damping, the hybrid equations of motion for the whole
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Fig. 1 Flexible aircraft model.

flexible aircraft in terms of quasi-coordinates have the generic form
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where i = f (fuselage), w (wing), and e (empennage).

Under the assumption that axes x;y,z; are obtained from axes
XY Z through the sequence of rotations v about Z to axes x1y;zy, 6
about y, to x,y,z,, and ¢ about x, to xsy,z s, the matrices C s and
E ; can be obtained from Ref. 22. The elastic displacement vectors
u; and 1, are subject to given boundary conditions at the interface
between bodies. Equations (1) involve the Lagrangian L =T —V/,
the Rayleigh dissipation function densities ]A-',“- and j:,,,,-, and the
stiffness operators £,; and Ly;. The kinetic energy for the whole
aircraft can be written as

T:iﬂ:i%/f/mdm, 2)

i=1 i=1

in which V; are velocity vectors of typical points in the components
and dm; are corresponding mass differential elements. The velocity
of a point in the fuselage can be written as

Vi, ) =Vit)+ [ +iprp, O] [ws @) + opry, 1]
+vprp ) EVi+ Gr4ip) wp+7Ffap+vy 3)

where 77 and ii ; are skew symmetric matrices'? corresponding to
ry and uy. Moreover, the velocity of a point on the wing has the
expression

‘_/w(rwa t) = CwVf + [Cw(;:fw + ﬁfw)T + (Fw + IZw)TCw]wf

“F’:g;cw(ﬂfw + afw) +Cw(vfw +F;wafuv) +FUT)aw + vy
4)

in which Qf, =[0 —0uy./0xy aufy/ax.,-uf/w is the angu-
lar velocity of the fuselage at ry, due to bending and
apy =lap, 0 0]|rwa is the angular velocity of the fuselage at ry,,
due to torsion. The velocity V,(r.,t) of a point on the empen-
nage can be obtained from Eq. (4) by simply replacing w by e.

The potential energy can be expressed in terms of the operators
Lui, Lyi(i = f, w, e), but it is more conveniently expressed as the
strain energy, as shown in the Numerical Example section. More-
over, the Rayleigh dissipation function densities can be expressed
in the form

O D . 1 0, 0%,
Fui = ECuiE[fa—xéa—xiz, Fyi = ECW‘GJ"a—xj-a_x,-
i=fiw,e (5

The kinetic energy T, the potential energy V, the dissipation
functions F,; and F,,;, and the operators £,; and L, when inserted
into Egs. (1), permit the derivation of explicit hybrid equations of
motion. For practical reasons, we do not pursue hybrid equations any
further, and approximate instead the partial differential equations by
sets of ordinary differential equations.

III. Spatial Discretization of the Distributed Variables

For the most part, aircraft are modeled as discrete systems, either
by regarding the inertia and stiffness properties as lumped from the
onset or by spatial discretization. We consider spatial discretization
of the individual aircraft components separately. To this end, we
can use either the Galerkin method or the finite element method
(see Ref. 23) and introduce the expansions

ui(ri, 1) = ®©,;(r)qu.i (1), Y (i, 1) = Dy (r;)qyi (1)
i=fiw,e (6)

where ®,; and ®,,; are matrices of component shape functions and
q.: and gy, are corersponding vectors of generalized coordinates.
Some guidelines concerning the choice of shape functions can be
found in Ref. 23. Moreover, we denote the associated generalized
velocities by s,; (1) =g, (t), s4i(t) = ¢y (t). In anticipation of later
needs, we write the velocity vectors for points on the individual
components in the two discrete forms

Virr )=V + Gr+ @upgur) s + upsup + 7 @yrsys
=Vi+ 7w+ @ Pupqus + Pussup + 7 Pyrsyy
Vuru. ) =CuVs + [CoGru + Purudur)”
+ Fo + Poudin) Cu|w
+ (7l CuADupu + Co®upu ) Sur + PusSuw
+ (FL Cu®yru + Cu by Pyrn)Sys + o Pyusyu
=CuVy + (Cufhy, + 7 Co)ws + Co@r Pupuur
+Cow Puntin + (F1Cw APy + Cou®ugn)Sur

+ q>uwsuw + (FuT)Cwq)wa + Cllr’f}-w@(ﬁfw)s‘ﬁf

+ I’ZZ; q)wwS¢w (7)
in which
0 0

0 9 o o

A= axf s q)uf = ¢)va 0’

T T

LI ool
8Xf

<I)ufw = q)uf(rfw) (8)

Expressions analogous to ®,; can be written for ®; and ®¢,,.
Moreover, V,(r, t) can be obtained from V,, (r, t) by simply re-
placing w by e. Note that the tilde over ®,rq,, indicates a skew
symmetric matrix associated with the vector,'? etc. Inserting the



MEIROVITCH AND TUZCU 719

first forms of Egs. (7) into Eq. (2) and carrying out the indicated
operations, we can write the kinetic energy in the compact form

| R | R | —
T:E/V;Vfdmf—{—E/V;demw—i-E/VL,TVedm(,

Lor
=§V Mv 9)
where V=[V{ wi si0 S, Sie Syp Spu Syl =[V] V3 - Vgl

is the dlscrete system velocity vector and M is the system mass
matrix, a symmetric matrix that can be expressed in partitioned
form with the submatrices M;;,i, j=1,2,...,8. As a matter of
interest, we note that My, =ml, M, =S, and My =J. All the
submatrices are given in Ref. 24.

In a similar fashion, we insert Egs. (6) into Egs. (5), integrate
over the respective components domains, and obtain the generalized
Rayleigh’s dissipation functions

/ i dD 1 / C EI q 2 ui q dD
3 ui -j ui i ui ui i
2 ’ ui d’ 2 d]IZ

i

L. .
quicmlhi

: GJig r 90 Iy 0 dD,
2 DC«//I qw, dx d./\ 1//1

i=fwe (10)

‘7'-;//,':/ ]:-widD,'
D;

1,
= qu,icwiqwf,

where

d>P7 o,
Cui = cuiE]i—zm 5 dD;
D dei  dy;

i

doT. qo., -
Cwi :f Cl//iGJi ¥ Vi dDi,
D dx;

i

i=f,w,e (11)

are damping matrices.
Next, we denote the momentum vector for the whole aircraft by

p=Ipy; pl; pl; pL, Pi Py Py, DL =1p] Y- pE1", 50
that we can write
oT
p= W= MV (12)

where the individual momenta are given by

ZMl,V,,me —Pz— ZMz,

j=1 j=1

Puyr = 95 ; =p3= ZM}] joeeosPype =7 —px Zng

i=1 ji=1

oT
Pvy = 8V/ =p1=

13)
Finally, adding some obvious kinematical identities®* to the dis-
cretized version of Egs. (1), the state equations can be written in the
special form
R; = C,T»Vf, 0y = Efflwﬁ Qui = Sui» qyi =Syi, 1= f,w,e

pvy = —spyvy+F, Por = —Vipvy — @pPos + M

. oT
Pui = — — Kuiqui — Cuisui + Qui .
04, i=f,w,e
Pyi = —Kyiqyi — Cyisyi + Qyi (14)

where, using Eq. (2) in conjunction with the second form of V 7 Vo,
and V,, Egs. (7),

oT _ _
- —= / @y D Vpdmy + @0} C) / v, dm,
quf :
+d>ufewaT/17‘, dm,
T —~ _ aT _
=07 Cow; | Vedm,, — =0 Caw; [V.dm,
aquw aqllt
15)
Moreover,

K. =/¢,{;Euf¢ui db;, Ky =f¢§,,-£wq>z/n dD;

i=fiw,e (16)

are component stiffness matrices. In practice, K,; and Ky,
i = f, w, e, can be obtained with greater ease from the strain en-
ergy directly, as shown in the Numerical Example section. Note that
the term special form is used in the sense that momenta are used as
auxiliary variables instead of velocities.

The quantities F, M, Q,;, and Qy;, i = f, w, e, appearing in the
state equations, Eqgs. (14), represent generalized forces. They are
related to the actual distributed forces f;(r;, t) over components i
due to gravity, aecrodynamics, and controls and the engine thrust
Fy6(r — rg), in which r; appearing in the spatial Dirac delta
function® denotes the location of the engines. If some control forces
are concentrated, they can also be treated as distributed, as in the
case of the engine thrust. The relation between the generalized forces
and the actual forces can be obtained by means of the virtual work,
which can be expressed as

SW = fT + FLs(r— rg)|8R? dD; 17
Z/ [1 E ] 1
i D;

The vector SI_{}* is related to the virtual quasi-displacement vectors
corresponding to the quasi-velocities used to describe the motion of
the aircraft components. Indeed, using Eqgs. (7), we can write

SR = 8R4 (Ff + Drrqu) 86 + s + 71 Dy sy
SR}, = CwoR + [Coy Fru + Pusuup)” + o + Pungun)’ Coy |86’
+ (FU{CLUACDMfw + Cw(bufw)aquf + q)uw(squw

+ (fz;cw q)l,//fw + Cll)F;wq)wfu))an/,_f'f‘ FMT) CDI/,qu,/,w (18)

and we note that R, can be obtained from §R; by replacing w by e.
Inserting Egs. (18) into Eq. (17) and collecting terms, we can write
the virtual work in terms of virtual generalized displacements, as
follows:

SW =F"5R + M" 86" + Z (Q1.5q.: + 0)8q:)  (19)

from which, assuming that the engines are mounted on the fuselage
(Fig. 1), we obtain

/[ff—l—FES(r—rE)]de
+c,,T,/ fudDu,+CT/ﬁdD
M= /D (r + Srgu))L Sy +Fe8(r—r)]dD,
f
+ /D [ru + Purau)CL + CL o + Prudin) | fu dD.

+ [ [Fre + Purequp)CT + CI (e + ®rcgue) | £ dD.
D,
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Quf=/ ®L[ ff + Fpd(r—re)]dD;
D

~ T
+ (rZCqu)ufw + Cquufw) fw dDw

~ T
+ | (FC.A® +Co®yp.) f.dD,

;
\/Du
J.
Qu/f:/ @7 P fr + Fed(r—re)1dDy
Dy
=T ~T r
+ / ("wcw q)v;fw + erfw q)llsz) fw dDw
Dy,

~ ~ T
+ / (FI Ce®@yse + CoF }, @yye) fodD,
D

Qui:/ CDZ;,.}(; dDh Q1//i = / Cbilflﬁ dDi’ i=w,e (20)
D; D;
To complete the state equations, Egs. (14), it is necessary to de-
rive the stiffness matrices K,; and K;, i = f, w, e, and the gravity,
aerodynamic, and control forces.

The gravity forces per unit volume of components are simply

0 0 0
Jor=Cs| 0 |+ fow=CuCs| 0 |, fee=CCs| 0
Pr8 Pw& Pe8
21

The aerodynamic forces are the most difficult to integrate into the
unified formulation, a statement that requires some elaboration. As
pointed out in the Introduction, for seamless integration, the aero-
dynamic forces must be expressed in a form compatible with the
present dynamic formulation. This implies that they must be ex-
pressed in terms of components along the same body axes as those
used for the airframe and must be in terms of the same variables as
those used to describe the rigid-body and elastic motions. This re-
quirement is often ignored, particularly when mean axes are used as
a reference frame. Moreover, for online, or real-time simulation of
the aircraft response, the aerodynamic forces must lend themselves
to very fast computation. Indeed, because such computations are
carried out on a digital computer in discrete time, the aerodynamic
forces, together with the other forces and the system state, must be
updated every time step, typically a small fraction of a second. No
existing whole aircraft aerodynamic theory is able to satisfy such
stringent requirements, so that a suitable aerodynamic method must
yet be developed. Such a method need not be unduly accurate in
the presence of feedback controls because such controls, if they are
robust, can tolerate small deviations from the actual aerodynamic
forces. It is clear that such aerodynamics can only be developed with
full consideration of the dynamic modeling of the aircraft, and its
development is likely to demand a great deal of time. Fortunately,
until such a theory becomes reality, it is still possible to demonstrate
how aerodynamics fits into the integration process by using an exist-
ing theory satisfying the requirements just described, namely, strip
theory.!""> The use of strip theory at this point has the added ad-
vantage of helping with the development of an eventual method by
providing guidelines as to what is necessary for an aerodynamic
method to be an integral part of the unified process. It should be
stressed that the unified formulation developed here does not depend
on any particular aerodynamic theory, and any other theory can be
substituted for strip theory as long as it satisfies the outlined criteria.

From Ref. 24, the distributed aerodynamic force vectors acting
on the fuselage are given by

£ysinay —dycosoy

faf = 0 s fsf =

—Lycosay —dysinay

sysin By
—sycos By
0

(22)

Similarly, the distributed aerodynamic forces on the wing and em-
pennage are

0
Sow = £, sinay,, — d,, cosa,,
—L0,, cosa,, — d,, sina,,
0 0

fie = S, sin B, (23)
—S, cos fB,

Joe = | Lesina, —d,cosc, |,

—Lf,cosa, —d, sina,

Expressions for the lift, drag, and side forces for all aircraft com-
ponents, and their dependence on velocities at typical points, are
given in Ref. 24. All aerodynamic forces are in terms of respective
component body axes.

IV. Perturbation Approach to the Aircraft
Dynamics and Control

Next, we turn our attention to the aircraft control problem. Con-
trols are of two general types, one designed to fly the aircraft on a
given flight path, defined by three translations and three rotations,
and the other to suppress any deviations from the chosen path. The
first type involves rigid-body motions of the aircraft, which are in
general large, and the second type involves elastic deformations
and perturbations in the rigid-body motions of the aircraft, which
tend to be small compared to the rigid-body motions. Moreover, we
observe that the state equations, Eqgs. (14), are in general nonlin-
ear and of high order, where the nonlinearity can be traced to the
large rigid-body variables. On the other hand, the high order can
be traced to the large number of small elastic variables. In view of
this, a solution by a perturbation approach seems indicated, which
amounts to a separation of the problem into a zero-order problem
for the large variables and a first-order problem for the small vari-
ables, where the difference between the large and small variables is
one order of magnitude or more. Physically, in the zero-order prob-
lem, the aircraft executes a given maneuver as if it were rigid, in
which case the mathematical formulation consists of a maximum of
six coupled, generally nonlinear second-order ordinary differential
equations, three for rigid-body translations and three for rigid-body
rotations. They correspond to the equations commonly used in flight
dynamics. On the other hand, the first-order problem involves the
elastic deformations, as well as small perturbations in the rigid-
body variables. We refer to the first-order problem as an extended
perturbation problem for reasons explained later in this section. We
express the perturbation solution as follows:

R, =R R

A (1) _yv© (1)
0, =067+06. Vv, =VP 4V

(1) (O] (1)

—_,,O (€3] —_ O _
wr=w; +w,, Pvi =DPyy TPy Pof =Py +Poy

F=F9+FY  M=M?+M"V (24)

where the superscripts (0) and (1) denote orders of magnitude. All
the quantities related to the elastic deformations are regarded as
being of first order. Then, inserting Egs. (24) into the state equations,
Eqgs. (14), and separating different orders of magnitude, we obtain
the zero-order problem, or the quasi-rigid flight dynamics problem

P0) _ ~(O)T y,(0) FO _ (o O

Ry =C;m Vo, 0y = (Ef ) Wy
S0 ~(0) (0 0) L0 _ 7O 0 ~©0) (0) )
Py =—0ppyy +F7, Py ==Vipyy—0pp,, +M

(25)

in which C;O) and E (;)) are as shown in Ref. 24. Moreover,
from Egs. (20), the zero-order generalized force and moment are
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given by

F(0>=/ [f +F8(r—rg)]dDy
Dy

+c§/ fPdp, +CT/f;°>dDe
Dy De

MO = / Fr[ £ + F8(r—re)]dDy
Dy

+ / (’:fwcz; + C,Ziju))fg» dDw
Dy

+ / (Fr.Cl +CI7) £ dD, (26)
D,

where the zero-order parts of the aerodynamic force densities con-
tributing to f O f©,and f© can be found in Ref. 24. The zero-order
state is deﬁned as x(o) [R(U)T O(O)T p(O)T pf;T]T and Egs. (25)
contaln in addltlon V(O) and w(o) Wthh from Egs. (13), are related
topvf andp >by

(0) V;O) + S(O)Twi,?), (0)

pyy=m Py =SOVY + 109 @7)

In a direct solution, the forces fl.(o), i=f, w,e,and F g)) are given
and Egs. (25-27) are solved for the state x¥’, but this is not how a
pilot flies an aircraft. Indeed, the pilot begins with a flight plan and
sets the controls, i.e., the engine throttle and the control surfaces
angles, to realize the preselected flight plan. In dynamic terms, this
amounts to first selecting the state x@ and then solving for the
control contributions to f; 0= f,w, e, and F . This describes
an inverse dynamics problem which is much 51mpler than the di-
rect problem because it requires the solution of nonlinear algebraic
equations instead of nonlinear differential equations.

Inserting Egs. (24) into Egs. (14) and retaining the first-order
terms, we obtain the first-order problem defined by

p(1) _ ~O)T y,(1) (DT y,(0)
Ry =Cim Vi +C7Vy

0y = (E) ) = (B EP(EP) o

Quizsui, qu:s«//ia i=f,w,e

W _ a0 _ 20 0 L p)
Pyy=—0; pyy —&p pyy tF

L) WO _ GO0 S0 0 20 0) |
Poy=—V'p); = Vpy) — oy p) — Y p,) + MY

i’uf:/CDZf( (O)TV(1)+ ~(f1)TV(0))dmf
_'_/cpsz( (O)TCT (1)+J)(1)TCT (0)) dm,
+ /@[ﬂ( Prelvd +o " clv0) dm,
—Kusqur — CugSup + Qup + / o) o VY dmy

T OT ~T 70 T ~OT ~Ty7(0
+/q>m crv®dm, +/q>m @y CIVEO dm,

Pur=—Kyrayr — Cyrsyr + Qyy

pm- = /@T (C w?) V<1) +C; w;l) V«J)) dm; — K.iqui

ui I =w,e

_Cuisui + Qui + / CDT C w(O) V«))d
Cyisyi + Qi i=we (28)

where, from Eqgs. (20), the first-order generalized forces are

Pyi = —Kyiqyi —

szf [£i" +Fs(r—rp)]dDy
Dy
+Cy / b, + ¢! / £V db,
Dy De

M® :/ Felff +FP8G—rp)]
Dy
+ @ g [f + FY5(r—rp)]} dD;

+/ [(FruCL +CT70) £V + (®urutts CL,

+Cl ®pgn) f] dD,, + / [(FreCl +CI7) £
De
+ (PureurCl + C Bucgue) £ dD,
Q. =/ LD A A FLS8(r—re) + FP8(r —rp) | dDy
.
+ / (FhCuA Dy +C,,)CD,A_f,,,)T(flEJO)+f,f)1))dD,,,,
Dy
n fD (FTCoADue + Co®ue) (fO+ fP) dD
Quy =/ LD A A FQ8(r—rp) + F8(r—r)]dDy
Dy
+ fD (F1Cu Py + Cu, @ypu) (FO+ £) dD
+ / (77 Cooye + Cy) (£O + £V) D
D,
0. = / @l (£ + ") dD
D

i

sz:/ il (f(o)-i-f“))
D

i

i=w,e 29)

Equatlons (28) and 29) must be solved for the state x( =

[R(I)T 0 Ot quf quu : q pV pa)f puf puw pd/e]T n
conjunctlon with, from Eq. (12) the first-order momentum

P = MOV 4 Oy © (30)

in which M © is the mass matrix of the quasi-rigid aircraft and M
is the part of the mass matrix due to the elastic deformations. We
note that, for brevity, expressions for many of the quantities entering
into Egs. (28-30) were not given; they can be found in Ref. 24.
Because we referred to the zero-order problem, Egs. (25-27),
as the flight dynamics problem, it is tempting to think of the first-
order problem, Egs. (28-30), as the aeroservoelasticity problem. A
closer examination of Eqgs. (28-30), however, reveals that the first-
order problem is considerably broader in scope than the commonly
encountered aeroservoelasticity. Indeed, Eqs. (28-30) are charac-
terized by the following features: 1) They are concerned with whole
flexible aircraft, and not with wings alone. 2) All six rigid-body
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degrees of freedom are automatically included. 3) The motions are
expressed in terms of components along noninertial body axes to
accommodate all possible aircraft maneuvers, as opposed to wings
fixed at the root, or wings with the root translating uniformly, which
are dynamically equivalent and require the use of inertial reference
frames only. 4) They contain zero-order terms, so that they receive
inputs from aircraft maneuvers, which further implies that there is a
different set of extended perturbation equations for every conceiv-
able maneuver, not just a single set. 5) The task of ensuring that
the aircraft flies smoothly along the intended path is carried out by
feedback control in conjunction with a stochastic state estimator.
(See Sec. V.) Note that feedback controls prevent divergence and
flutter automatically.

We observe that the first-order equations representing the ex-
tended aeroelasticity problem are linear and tend to be of high or-
der. Moreover, they contain the zero-order variables V(;)) and w(;»,
representing a given maneuver, as coefficients and as an input.
If V;Q) and w;(-)) are constant, then the system is time-invariant, and if
V;O) and w(fo) depend on time, then the system is time-varying. In
either case, controls can be designed by various methods. In the
time-invariant case, a stability analysis for the closed-loop system
can be carried out by solving an eigenvalue problem. Such a stabil-
ity analysis is precluded in the time-varying case. Simulation of the
response of the closed-loop system to external excitations, such as
gusts, can be obtained in both the time-invariant and time-varying
cases.

V. Control Design

Flying aircraft are subjected to various disturbances tending to
drive them from the intended flight path and to cause vibration. If
the system is controllable,? these effects can be suppressed through
controls that are carried out by means of actuators; in the case of
aircraft, they consist of the engines throttles and the control sur-
faces. In practice, controllability can be ascertained on physical
grounds by making sure that the input forces, namely, the forces
due to the engine thrust and control surfaces, affect all the state
variables.

As indicated in Sec. IV, there are two types of controls, one type
designed to permit the aircraft to fly on a desired flight path as if it
were rigid and the other type to reduce any deviations from the rigid-
body flight path to zero, which amounts to suppressing vibration
and perturbations in the rigid-body motions of the aircraft. The first
is associated with the flight dynamics problem and the second with
the extended aeroelasticity problem. In general, the engines throttles
and control surfaces angles are set so as to ensure that the aircraft
is able to carry out the required maneuvers, as well as to suppress
any undesirable disturbances, thus addressing the needs of both the
flight dynamics problem and extended perturbation problem.

Using Egs. (25), we write the flight dynamics problem, or the
zero-order problem, in the compact state form

2O =[x, vy 0]+ B[V O] 3D

which must be considered in conjunction with Egs. (27), where f is
anonlinear function, in which V,(_g) =[v® W97 BO®jgacoef-
ficient matrix, and u©® = [F” §© §© §O7 is the control vector.
In the context of the present integrated approach, Egs. (27) and (31)
represent an inverse dynamics problem, in the sense that a state
vector x© describing a desired maneuver is postulated and a force
vector u® permitting realization of the given maneuver is deter-
mined.

Next, we assume that x© () and Vfg) (t) are known and use
Eqgs. (28) to express the extended perturbation problem, or first-
order problem, in the form

@) = AOxV @) + BOu (@) +10 1"Feut)  (32)

in which A(r) = A[x©(r), V) (t)] and B(r) =B [x©(r), V) (1)]
are coefficient matrices, u"(r) =[F\" 8" 8 8V is a first-
order control vector, and Fe, is an external disturbing force vector

of a transient nature. Equations (32) must be solved in conjunction
with Eq. (30).

Equation (32) represents a set of linear equations, and the ob-
jective is to find a control vector u‘" (¢) that drives the state vector
x to zero. To this end, we consider a linear quadratic regulator
(LQR) in which the objective is to determine an optimal control
vector minimizing a quadratic performance measure consisting of
two parts, one representing a measure of the distance of the state
from the origin of the state space and the other a measure of the
control effort.?® It is shown in Ref. 26 that the optimal feedback
control vector is given by

uV () = =G ()xV () (33)

where G (¢) is the control gain matrix; it can be obtained by solving
a transient matrix Riccati equation, a nonlinear matrix differential
equation to be integrated backward in time.?¢ Inserting Eq. (33) into
Eq. (32), we obtain the closed-loop equation

(0 =[A0) = BOGOY () +[0 ["Feut) (34

which can be integrated to simulate the system response.

If the zero-order solution is constant, the matrix A is constant.
Then, under certain circumstances,?® the gain matrix G becomes
constant, so that the closed-loop equation reduces to one with con-
stant coefficients, or

¥ () =(A=BG)xV (1) +[0 11" Feu(t) 35)

which can be used for response simulations. For a stability anal-
ysis, we solve the associated eigenvalue problem for the matrix
A — BG — Al. The closed-loop system is asymptotically stable if
all the eigenvalues are real and negative and/or complex with nega-
tive real part.

The control vector u‘! is optimal in the sense that it minimizes
the performance measure, but the physical merit of this optimality
is debatable. In fact, it is often necessary to adjust the weighting
matrices in the quadratic performance measure to achieve a desirable
system performance. The real value of the LQR algorithm is that it
guarantees a stable closed-loop system.

Implementation of the control law, Eq. (33), requires knowledge
of the state vector xV, which can be obtained through measure-
ments. This creates somewhat of a problem because measurements
represent real quantities and our state vector consists of abstract
generalized coordinates rather than real coordinates. Moreover, we
feed back only perturbations from the maneuver variables. In the ab-
sence of external forces, the state equations describing the extended
perturbation problem have the vector form

@) = AxV (@) + BuV () (36)
Then, denoting the measurement vector by y(¢), we can write
y@0) =y? 0 +y" @) 37

where y©(¢) is the contribution from the maneuver variables and
y(¢) is the contribution from the perturbations in the maneuver
variables and the elastic variables. We express the latter in the form

yP(0) =Cx) (38)

and refer to yV(¢) as the output vector. The assumption is made
here that the system is observable.?® In practice, the choice of sen-
sors ensuring observability must be made on physical grounds, and
it must be such that the sensors signals permit reconstruction of the
state at all times.

In reality, the state vector cannot be determined exactly from the
output vector and must be estimated. A device permitting an estimate
of the state vector is known as an observer, or an estimator,?® and
can be expressed in the form

70 = AR @) + BuV (1) + K,y (1) — CEV()] (39)
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where K, is an observer gain matrix. Subtracting Eq. (39) from
Eq. (36), we obtain

e(t) = [A — K,Cle(r) (40)

in which e() =x (r) — 2V (¢) represents the observer error vec-
tor. The objective is to find a matrix K, such that the vector e(z)
approaches zero as ¢ increases. In this case, X(f) — x(¢) with time.
For a time-invariant system, this amounts to determining K, so that
all of the eigenvalues of the matrix A — K,C, known as the observer
poles, lie in the left half of the complex plane. In implementing feed-
back controls, we must use the estimated state V' (r) because the
actual state x" (¢) is not available. Hence, the control law, Eq. (33),
must be replaced by

V(@) = -GV (@) 41)

An optimal observer gain matrix can be obtained by the adop-
tion of a stochastic approach, leading to the so-called Kalman—
Bucy filter (see Ref. 26). The optimal gain matrix K, is determined
by minimizing a quadratic performance measure in terms of the
error vector e(t). This, in turn, requires the solution of another
Riccati equation involving two noise intensity matrices, one associ-
ated with the actuators noise and the other with the sensors noise.?®

To determine the observer state ¥V, we must integrate Eq. (39),
which requires the output matrix C. In the case at hand, the deter-
mination of C is very complex and tedious, so that we do not pursue
it here. Complete details can be found in Ref. 24.

VI. Numerical Example

The flight of flexible aircraft is fully described by Eqgs. (25-30).
A solution of these equations requires the aircraft geometry, the
mass and stiffness distributions, and the aerodynamic coefficients.
Information pertaining to an actual aircraft was made available by
an aircraft manufacturer and is provided in Ref. 24.

The solution of the flight dynamics equations, Eqs. (25-27), re-
quires numerical values for various quantities, including the aero-
dynamic forces. Some of them are as follows: engine locations,
rgy =[—9.05 3.08 —1.16]7 ft, rg; =[-9.05 —3.08 —1.16]" ft;
total aircraft mass, m = 403.0752 Ib - s>/ft. The remaining quantities
are given in Ref. 24. The flight dynamics problem essentially con-
sists of the adjustment of the control surfaces angles and the engine
throttle for a given aircraft maneuver. It amounts to the problem
of “trimming” the aircraft. As far as this paper is concerned, it pro-
vides the input V;Q) , w;?) , pi?} ,and pi?; to the extended aeroelasticity
problem. l

The solution of the extended aeroelasticity equations, Eqs. (28—
30), requires an explicit choice of the structural model for the aircraft
of Fig. 1. As a first approximation, the fuselage, wing, and both the
horizontal and vertical stabilizers in the empennage are modeled as
beams clamped at the origin of the respective body axes and un-
dergoing bending and torsion. The fuselage undergoes the bending
displacements u s, and u . and the torsional displacement ¢, as
shown in Fig. 2, sothatuy = [0 us, uy )" andep; =[y 0 0.

Fig. 2 Aircraft components undergoing bending and torsion.

On the other hand, the wing and the stabilizers undergo only one
bending and one torsional displacement each. Note that, as cus-
tomary, sending displacements are measured relative to the elas-
tic axis. Each clamped beam is assumed to be discretized by the
Galerkin method in conjunction with two shape functions per dis-
placement component. For bending, the shape functions are chosen
as the eigenfunctions of a uniform cantilever beam

sin B, L; + sinh B, L;
cos B,L; + cosh B, L;

Duir = sin ﬂr-xi — sinh ﬂr-xi -

X (cos B,x; — cosh B,x;), r=12, i=fw,e (42)

and for torsion, the eigenfunctions of a uniform clamped-free shaft

@yir = sin(2r — Dmx; /2L, r=1,2, i=f,w,e (43)
where L; is the length of the cantilever beam. In this regard, we note
from Fig. 2 that the fuselage is modeled as two cantilever beams
clamped at O, one pointing to the aircraft nose and the other to
the tail. New quantities entering into the first-order equations are
FO M"Y Q,,and Qy;,i = f, w, e, which are given by Egs. (29),
and ®,; and ®;, which contain ¢,;. and ¢y, as given in Egs. (42)
and (43), respectively. Moreover, the stiffness matrices are obtained
from the potential energy, as follows:

1 s\’
V ) / [Elfz< ug)) +
2 D; Bxf
2 2
alpf}c azuwz
Gl | — dD ¢ EIL,
i f”(“f)} f+/w[ (3%
Wi\ ou.. \’
+GJ, dD, + El,
dxy D, dx2

2
a'lpex 1 T T
+G-Ie( ox, > i| dD, = 3 Z (llu,-Kmlqu + CIWK«pﬂIw;)

(44)

where

K,,f=/ (d)Zf)Tdiag[Elf-z Elf).]<I>Zdef
Dy

KL,,:f EL(®/)T @/ dD;, i=fwe
D.

i

K1,,,-=/ GJ (@) @/, dD;, i=fiw.e (45)
D,

i

are the desired stiffness matrices, in which primes denote differen-
tiations with respect to x;.

Equation (32) for the model in question is of order 76, but the
vector equation is linear. However, in the case of certain aircraft
maneuvers, the system is time-varying.

We consider two cases, steady level flight and a level steady turn
maneuver.

A. Steady Level Flight
For steady level flight, the zero-order velocities are defined by

V(fo) = C;Q)[V(O) 0 0]" = constant, w(fo) =0 (46

where V © is the aircraft forward velocity. From Egs. (27), we con-
clude that the zero-order momenta are

p??j), = mV(fO) = constant, pg); =S (O)V(fo) = constant  (47)
Hence, from the second line of Egs. (25), we have

F? =0, M? =0 (48)
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The implication of Eqs. (48) is that, for steady level flight, the forces
and moments due to the engine thrust, aerodynamic forces, gravi-
tational forces, and control forces balance out to zero. The angle of
attack can be expressed as a}o) = tan™! (V}?) /v (-2)) = @ = constant.
For level flight, we have ¥'© =¢© =0, so that the pitch angle is
equal to the angle of attack, or 0© =a&”. Moreover, because
V;?,) =0, the sideslip angle is zero, ,8_(;)) = tanfl(V;S) /V;S_)) =0.
In view of this, and due to the symmetry of the gravitational and
aerodynamic forces, the side force F© and the roll and yaw mo-
ments, M® and M©, are automatically zero. We assume that
V©® =416.67 in./s and consider a flight at a 25,000-ft altitude,
so that the speed of sound is 1016.1 ft/s and, hence, the Mach
number is 416.67/1016.1 =0.41. From the first of Egs. (46), we
have V" =416.67[cos 0 0 sinf©@]". Then, using Egs. (26),
Egs. (48) yield a set of nonlinear algebraic equations for F®,
F© and M©, which can be solved for the pitch angle 6, the
engine thrust ", and the elevator angle 5. Solving the nonlin-
ear equations, we obtain 6 =3.8216 deg, Féo) =431.6465 Ib, and
80 = —15.4870 deg, so that the zero-order control vector is given
by u® = [F 0 8© 0]" =[431.6465 0 —15.4870 deg 0]".

In the case of steady level flight, the aircraft experiences small
static deformations due to zero-order forces.”* Assuming that the
first-order state x) is measured from the static elastic displacement
position, the first-order state equations for steady level flight can be
written in the customary form, Eq. (32), where A and B are constant
coefficient matrices. This requires the mass, damping, and stiffness
matrices.

Next, we consider feedback control design by the LQR and LQG
methods, in sequence. Assuming that the damping functions ¢,; and
cyi,i = f, w, e, are all constant, the damping matrices, Eqgs. (11),
reduce to C,; = ¢,iKyi, Cyi =cyiKyi, i = f, w, e, which state that
the damping matrices are proportional to the stiffness matrices. Nu-
merical values of the mass, damping, and stiffness matrices are given
inRef. 24. Then, computing the coefficient matrices A and B, assum-
ing that in the feedback control vector uV =[F"” 8§ 50 §1"
the right and the left ailerons rotate by angles of the same magnitude
8D but of opposite sense, and that the right and left elevators rotate
by angles of the same magnitude and sense, choosing the weight-
ing matrices in the performance index, and solving the steady-state
Riccati equation, we obtain the gain matrix G. Then, solving the
closed-loop eigenvalue problem, we obtain the closed-loop eigen-
values

Ao = —0.1038 + 0.08681, Aza = —0.1174 £ 0.2033i

As = —0.2349, Ae7 =—0.2918 +0.3064i,

vy hsge =—211.4842 £ 1063.7436i (49)
Clearly, all the eigenvalues are real and negative or complex with
negative real part, so that the closed-loop first-order system is
asymptotically stable. The implication is that any disturbances from
the steady level flight are driven to zero. This is in contrast with the
open-loop eigenvalues, the eigenvalues of A, the first four of which
are zero and the fifth of which is real and positive.

Finally, we consider the response of a closed-loop system to a
gust acting on the wing and having the linearly distributed form

FEeE =0 0 —053+x/L)s0]. 0<xk <L,

FE(E ) =0 0 —053-xL/L,)s0]. 0<xi<L,
(50)

Inserting Eqgs. (50) into Egs. (29), we obtain the generalized force
components of the disturbance vector Fe, entering into Eq. (35),
which is integrated to obtain the system response. Figures 3 and
4 show plots of the response for a selected number of rigid-body
and elastic variables, as well as of the control inputs. Plots for the
response without and with the use of an observer are labeled actual
and estimated, respectively. We note that convergence of the esti-
mated state and control variables to the actual ones is relatively fast.
Details of the observer design can be found in Ref. 24.
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B. Level Steady Turn Maneuver 30 i) 2 2 iny
We consider the case in which, in the zero-order problem, the 0 0
. . . . . 510 15 25 15720 25
aircraft flies at a constant velocity around a circular path of radius 20 1ls] 1[s]
R in the horizontal X, Y plane. In this case, it is convenient to refer 20
the rigid-body motions to a set of axes x;y;z; obtained through a 40 -40
rotation ¥ © about Z, where ¥ © = Q = constant. It is not difficult -60 “©
to see that axes x;, y;, and z; represent a set of cylindrical axes ¢, n, 80
and Z Where t is tangent to the circle and 7 is normal to it. Denoting
by R the velocity of O in terms of cylindrical components, the .
A N ¢(1) ‘1)(1) [l‘ad] 1)~ d
kmematlcal relation corresponding to the first of Egs. (25) can be ool 002V ¥ lradl
written as 0.001 /\/\A'\
0 0
- (0) . . . T _ 5 10 T>—2—75 5 10 15 20 25
(V] o 0 T (O)T y,(0) -0.001
R, =[RY) R}, ZV] =[rQ 0 0" =CP"VY (51) 001 [s] 0002 1]
0.02 -0.003
where C;.O) is the matrix of direction cosines between tnZ and the '8-%‘5‘
fuselage body axes x;yszy; it is given in Ref. 24. Similarly, the -0.03 e
second of Eqgs. (25) can be written as gX.. R [in] 001 k.. 4%, Irad]
(0) . : on-1 0.005 n A
—[60 69 §O]=10 0 @ = (E¥) W ) B 11 YO
WWVV!"" 3770405
. . . . . -0.005
where E (fO) is also given in Ref. 24. Equations (51) and (52) yield 001 L
V(o) [V«» vo V<o>]T _ C‘v(O)ﬁ(O) -0.015
o V]l =Ry R R
quB ’ qHB [ln] PS
T 48, %, [rad]
= RQ[CQ(O) s0Qsp@  56@cep© ] = constant 1 0.003
0.002
©) 03 0.001 n
o=l oy 2T =0 W o K o
’ \}0. Y04 Vo 03 0002 U O\A/-/ 0.3 05
T ) 1[s] -0 1[s]
= Q[—sé(o) c0Qsp©® 69(0)S¢(0)] = constant (53) 03 -0.001
so that, from Eqgs. (27), we have — Actumal — Estimated
PE?} = mV(f(.)) + §(0>Tw5?) — constant Fig. 5 Rigid-body and generalized displacements.
pff) SO V(fo) +J (O)wif-)) = constant 54)
It follows that the equations of motion, the last two of Eqgs. (25), .
reduce to 0 vl O i) OV, A ’[m/s] 11s]
(
10 15 20 25
—Vpl% +FO =0, —V O — V5% + M® =0 (55) ; A A ‘) s -
s 1 20 25 -10 \/
which are independent of time. 10 15
To determine the parameters defining the steady level turn ma- -15 20
neuver, we choose the turn radius R = 1.5 mile = 7920 ft and angu- 5(5) 25

lar velocity €2 =0.0526rad/s, so that RQ2=416.67 ft/s, and solve
Egs. (55) for the bank angle ¢, pitch angle 6, and control vector
u®=[FO §O0 5O §OT Then, using Egs. (53), we have

c0©® —s0©
VY =416.67 | 054 wf =0.0526 | c0Vs¢p©
S@(O)C(p(O) C@(O)C(p(O)
(56)

We consider a flight at a 25,000-ft altitude, so that the speed of sound
is 1016.1 ft/s and, hence, the Mach numberis 416.67/1016.1 = 0.41.
Inserting Egs. (56) into Egs. (55) in conjunction with Eqgs. (54) and
solving the resulting transcendental equations, we obtain

0© = 5.6494 deg, ¢ = 35.2942 deg

FY = 468.7429 b, 80 =

—0.1604 deg

(U
8, =

—18.5237 deg, 80 =

—19.7384 deg  (57)
As in the case of steady level flight, the aircraft experiences static
deformations in the steady level turn maneuver as well.
Next, we consider the first-order problem, Egs. (28), with all quan-
tities measured from the constant static solution, and once again we
design controls by the LQR and LQG methods, in sequence. To
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Fig. 6 Rigid-body velocities and control inputs.
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this end, we use the state equation, Eq. (32), in which the feed-
back control vector has the form u® = [F{" 5" 8 §]". In the
case in which u¥ =0 and F., =0, the state equations admit an
exponential solution, yielding an eigenvalue problem. Solving the
eigenvalue problem, we conclude that the system is unstable, with
four eigenvalues being equal to zero and one being real and positive.
Then, choosing appropriate weighting matrices for the performance
measure, solving the corresponding steady-state Riccati equation,
we obtain the gain matrix G. Solving the closed-loop eigenvalue
problem, we obtain the closed-loop eigenvalues

A2 = —0.1031 £ 0.0870i, Ay = —0.2342

Aas = —0.1194 £ 0.2172i, 6.7 = —0.2998 = 0.3089i,

oovs A7s76 = —211.4850 £ 1063.7465i (58)

Clearly, all the closed-loop eigenvalues are either real and negative
or complex with negative real part, so that the closed-loop first-order
system is asymptotically stable. Hence, any disturbances from the
steady level turn maneuver will be driven to zero.

Finally, we compute the response of the closed-loop system to
the gust given by Egs. (50). Figures 5 and 6 show a selected number
of rigid-body and elastic variables, as well as the control inputs,
both without and with an observer. Details of the observer design
are given in Ref. 24. As can be seen, convergence of the estimated
state and control variables to the actual ones is once again relatively
fast.

VII. Conclusions

This work represents a new paradigm for the dynamics and con-
trol of maneuvering flexible aircraft. It reflects the perspective of a
dynamicist using the system concept to produce a rigorous formula-
tion of the problems associated with flexible flying machines. To this
end, the theory integrates seamlessly into an online formulation all
the necessary material from the areas of analytical dynamics, struc-
tural dynamics, aerodynamics, and controls. Based on fundamental
principles, the formulation includes automatically all six rigid-body
degrees of freedom and elastic deformations, as well as all the forces
acting on the aircraft, namely, gravity, propulsion, acrodynamic and
control forces, in addition to forces of an external nature, such as
gusts. The seamless integration is achieved through the use of the
same reference frame and the same variables to describe all the
aircraft motions and forces acting on it. The unified formulation is
made possible by equations of motion in terms of quasi-coordinates
derived in earlier work by the first author of this paper. The formu-
lation is modular in nature in the sense that the structural model,
the aerodynamic theory, and the controls method can be replaced
by any other ones to better suit different types of aircraft, provided
certain criteria are satisfied, as discussed in a following paragraph.
The only permanent part is the analytical dynamics, as manifested
in the equations of motion in terms of quasi-coordinates. Even there,
although the equations corresponding to the rigid-body variables re-
main the same, some modifications must be made in the equations
corresponding to the elastic variables to reflect the type of elastic
components involved.

At least in principle, the equations of motion, Egs. (14), can be
integrated numerically to determine the system response. In the
case at hand, however, significant computational efficiency can be
achieved by using some guidance from the way aircraft are flown.
In particular, the rigid-body variables defining the flight path of
the aircraft tend to be large, and the elastic deformations and the
deviations from the flight path tend to be small. In view of this,
it is possible to use a perturbation approach to separate Eqs. (14)
into a flight dynamics problem for the rigid-body translations and
rotations of the maneuvering aircraft and an extended perturbation
problem for the elastic deformations and perturbations in the rigid-
body variables, where the second problem is subject to inputs from
the aircraft maneuvers. The flight dynamics problem is nonlinear
and can be solved by inverse dynamics. On the other hand, the
extended perturbation equations are linear but can be of high order,

depending on the number of elastic degrees of freedom. The system
of equations can be time-invariant or time-varying, depending on
whether the inputs from the aircraft maneuvers are constant or time
dependent. The extended perturbation equations can be used for
feedback control design and, subsequently, for time simulations of
the aircraft response. In the time-invariant case, they can also be used
for a stability analysis. Note that the common aeroservoelasticity
represents a special case of the extended perturbation problem. A
numerical example presents a variety of time simulations of rigid-
body perturbations and elastic deformations about 1) steady level
flight and 2) a level steady turn maneuver.

The integration of the aerodynamics into the unified process is
particularly challenging, and requires elaboration. For seamless in-
tegration, the aerodynamic forces must be referred to the same, gen-
erally noninertial, reference frame as that used for all other forces,
and they must be expressed in terms of variables compatible with
the variables used throughout the entire formulation. Moreover, be-
cause the simulation of the system response on a computer is carried
out in discrete time, the size of the time step must be quite small,
typically a small fraction of a second. The implication is that, to be
ready to compute the state at the next sampling time, it is neces-
sary to compute the aerodynamic forces within the time step. These
two requirements are quite difficult to satisfy because most aerody-
namic theories have been developed for purposes other than whole
aircraft time response simulations, and the computation of the aero-
dynamic forces are notorious for consuming a great deal of time. In
view of this, the development of a new aerodynamic method seems
highly desirable. Such a method need not be unduly accurate be-
cause robust feedback controls are able to tolerate small errors in
the aerodynamic forces. An aerodynamic theory satisfying the two
requirements outlined earlier is strip theory. Even though strip the-
ory may not be entirely satisfactory for describing the aerodynamic
forces acting on whole aircraft, the method is often used in aircraft
design. In fact, it is being used by the same company that provided
the data for the Numerical Example section. The development of
an aerodynamic technique suitable for online, or real-time response
simulations is likely to require a great deal of time and effort. Al-
though the use of a more suitable aerodynamic theory is desirable,
it is not really necessary at this time. Indeed, at this time it is more
important to demonstrate how the unified formulation works and
how an eventual aerodynamic theory is to be integrated into the
overall process. Certainly, such a demonstration can provide valu-
able guidance in the development of an appropriate aerodynamic
method to be used in conjunction with whole aircraft time response
simulations, thus helping reduce the time and effort required for the
development of such a method.

Finally, it should be pointed out that, with appropriate modifica-
tions, the present formulation is eminently suited for UAVs and, in
particular, for autonomous UAVs. It was applied here to an executive
jet due to the ready availability of data from an actual flying aircraft.
It should also be pointed out that all of the time response simula-
tions presented here were carried out on a 1-GHz personal computer.
This is particularly important for autonomous UAVs, which must
be controlled by autopilots, because the required onboard computer
is likely to be much closer to a personal computers than to a multi-
processor supercomputer.

The unified theory is expected to stimulate renewed interest in
aeronautics research, ultimately providing a useful tool for the anal-
ysis and design of flexible aircraft.
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s aerospace professionals and graduate students, with all of the equations, diagrams, and
graphs you would like to have close at hand.
An updated software package on CD-ROM includes: HW Solutions, which presents a range of
viewpoints and guidelines for solving selected problems in the text; Orbital Calculator, which provides
an interactive environment for the generation of Keplerian orbits, orbital transfer maneuvers, and animation of
ellipses, hyperbolas, and interplanetary orbits; and Orbital Mechanics Solutions.
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